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Abstract Let A be a finite-dimensional algebra over arbitrary base field k. We prove: if the unbounded
derived module category D−(Mod-A) admits symmetric recollement relative to unbounded derived module
categories of two finite-dimensional k-algebras B and C:
D−(Mod − B) ↼⇀↽ D−(Mod − A) ↼⇀↽ D−(Mod − C),
then the unbounded derived module category D−(Mod − T (A)) admits symmetric recollement relative to the
unbounded derived module categories of T (B) and T (C):
D−(Mod − T (B)) ↼⇀↽ D−(Mod − T (A)) ↼⇀↽ D−(Mod − T (C)).
Keywords: trivial extension algebras, derived categories, (symmetric) recollements, partial tilting
complexes.
1 Main result
As we all know, the tilting theory and the theory of derived categories are two important
research subjects in the representation theory of finite-dimensional algebras, and many advanced
results have been obtained in the last decades (see, for example, refs. [1—4]).
Originally, recollement for derived categories was introduced by Grothendieck in order to de-
scribe the relation between the sheaves on a topological ringed space X and those sheaves on X
induced from a closed subspace and its open complement respectively[5]. Cline et al. used the def-
inition of recollement of triangulated categories given by Beilinson et al. in their work on perverse
sheaves as a generalization of ref. [6] to obtain what they call stratification of derived module cat-
egories of certain algebras (for example, quasi-hereditary algebras)[7]. Many mathematicians[7−10]
studied recollements of triangulated categories.
Definition[6]. LetD,D′ and D′′ be triangulated categories. Then a recollement of D relative
to D′ and D′′, diagrammatically expressed by
D′ ↼⇀↽ D ↼⇀↽ D′′,
is given by six exact functors
i = i! : D′ → D; j = j! : D → D′′; i, i! : D → D′; j, j! : D′′ → D,
which satisfy the following four conditions:
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(R1) (i, i = i!, i!) and (j!, j = j!, j) are adjoint triples, i.e. i is left adjoint to i which is
left adjoint to i!, etc.;
(R2) i!j = 0 ( and thus ji = 0 and ij! = 0);
(R3) i, j! and j are full embeddings ( and thus ii ∼= i!i ∼= id(D′) and jj ∼= jj! ∼=
id(D′′));
(R4) any object X in D determines distinguished triangles
i!i
!X → X → jjX → and j!j!X → X → iiX →,
where the morphisms i!i!X → X and j!j!X → X are the front adjunction morphisms; X → jjX
and X → iiare the rear adjunction morphisms.
Throughout this paper, all algebras are finite-dimensional algebras over arbitrary base field
k. Let DA be minimal injective cogenerators of modA, where D = Homk(−, k) is the duality
functor. Let T (A) denote the trivial extension algebra of A. Then the trivial extension algebra
T (A) of A by DA is defined as the k-algebra whose additive structure is that of A ⊕ DA and
whose multiplication structure is given by
(a, q)(a′, q′) = (aa′, aq′ + qa′)
for a, a′ ∈ A and q, q′ ∈ DA.
Unless stated otherwise, all our modules will be right modules. Given a k-algebra A, there are
various categories of A-modules for which it will be useful to fix notation. Mod-A is the category
of all A-modules; mod-A is the category of all finitelly generated A-modules; by D−(Mod − A)
we mean the derived category of unbounded complexes over Mod-A; by Db(A) we mean the
derived category of bounded complexes over mod-A; Proj-A is the category of all projective
A-modules; PA is the category of all finitelly generated projective A-modules; by Kb(Proj-A)
we mean the homotopy category of bounded complexes over Proj-A; by Kb(PA) we mean the
homotopy category of bounded complexes over PA. Since for each algebra A there is full embedding
between the various derived categories and homotopy category associated to A, we may denote
homomorphisms in any of these categories just by HomA(−,−). We shall denote by M [n] rather
than T nM the object obtained from a complex M by applying the ”shift” functor n times. For
unexplained notations, properties concerning derived categories and triangulated categories, refer
to refs. [1—3], etc.
There are many important results on the recollements of triangulated categories. For conve-
nience, we give an important Koenig’s result as follows[9].
Lemma A. Let A be a ring. Then the unbounded derived module category D−(Mod−A)
admits recollement relative to the unbounded derived module categories of two rings B and C:
D−(Mod − B) ↼⇀↽ D−(Mod − A) ↼⇀↽ D−(Mod − C)
if and only if there exist two partial-tilting complexes M · ∈ Kb(Proj−A) and N · ∈ Kb(PA) that
satisfy
(1) EndA(M ·) ∼= B;
(2) EndA(N ·) ∼= C;
(3) Hom·A(N ·, M ·) = 0 ( i.e. HomA(N ·, M ·[n]) = 0 for any n ∈ Z);
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(4) (M ·)⊥ ∩ (N ·)⊥ = 0 ( where (M ·)⊥ = {Y · ∈ D−(Mod − A)|Hom·A(M ·, Y ·) = 0} is called
the right perpendicular category determined by M ·).
We say that the recollement in Lemma A is symmetric, if it satisfies the additional conditions:
Hom·A(M ·, N ·) = 0 and M · ∈ Kb(PA). In this case, one has
D−(Mod − C) ↼⇀↽ D−(Mod − A) ↼⇀↽ D−(Mod − B).
On symmetric recollement, Koenig has given some interesting characterizations[9].
Furthermore, if gld.A < ∞ or gld.C < ∞, then D−(Mod − A) admits the recollement
D−(Mod − B) ↼⇀↽ D−(Mod − A) ↼⇀↽ D−(Mod − C)
if and only if Db(Mod − A) admits recollement
Db(Mod − B) ↼⇀↽ Db(Mod − A) ↼⇀↽ Db(Mod − C).
As we know, a partial tilting complex over a ring A is a complex T · in Kb(Proj − A) and
satisfies
(1) HomA(T ·, T ·[n]) = 0 for n = 0; and
(2) for all indexed families {T ·i}i∈I of copies of T holds:
⊕i∈IHomA(T ·, T ·i )
nat.∼= HomA(T ·,⊕i∈IT ·i ).
It is easy to see that partial tilting complexes are generalizations of tilting complexes and tilting
complexes are generalizations of tilting modules[2].
Our main result is the following
Theorem 1. Let A be a finite-dimensional k-algebra. If the unbounded derived module
category D−(Mod−A) admits a symmetric recollement relative to the unbounded derived module
categories of two finite-dimensional k-algebras B and C
D−(Mod − B) ↼⇀↽ D−(Mod − A) ↼⇀↽ D−(Mod − C),
then the unbounded derived module category D−(Mod − T (A)) admits symmetric recollement
relative to the unbounded derived module categories of T (B) and T (C)
D−(Mod − T (B)) ↼⇀↽ D−(Mod − T (A)) ↼⇀↽ D−(Mod − T (C)).
Before we end this section, we recall the concepts of total complexes of Hom·(X ·, Y ·) and
X · ⊗ Y · (see ref. [11]).
Given two complexes




X−→ Xn+1 −→ · · ·
and
Y · = · · · −→ Y n−1 d
n−1
Y−→ Y n d
n
Y−→ Y n+1 −→ · · · ,
the total complex Hom·(X ·, Y ·) is the complex given by







Hom(Xp, Y l+1+p) −→ · · · ,
where dlHom : (α
p)p∈Z 
→ (dl+pY αp − (−1)lαp+1dpX)p∈Z, for αp ∈ Hom(Xp, Y l+p), and the total
complex X · ⊗ Y · is the complex given by
X · ⊗ Y · := · · · −→ ⊕p∈ZXp ⊗ Y l−p
dl⊗−→ ⊕p∈ZXp ⊗ Y l+1−p −→ · · · ,
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where dl⊗ : (x ⊗ y)p∈Z 
→ (dpX(x) ⊗ y + (−1)px ⊗ dl−pY (y))p∈Z, for x ∈ Xp, y ∈ Y l−p.
2 The proof of main result
Based on Lemma A, we shall give a proof of the main theorem by a series of lemmas.
Lemma 1. Let M · = · · · −→ Mn−1 d
n−1
M−→ Mn −→ · · · be a bounded complex of projective
A-modules, i.e. M · ∈ Kb(Proj− A). Then R· = M · ⊗A T (A) is a bounded complex of projective
T (A)-modules, that is, R· ∈ Kb(Proj − T (A)). Moreover, if M · ∈ Kb(PA), then we have R· ∈
Kb(PT (A)).
Proof. For any n ∈ Z, we have
(R·)n = (M · ⊗A T (A))n = Mn ⊗A T (A),
but M · is a bounded complex, so is R·.
Since any Mn is a projective A-module, supposing that Mn = εnA, where εn is an idempotent
element of A, Mn ⊗T (A) T (A)= εnA ⊗A T (A) ∼= εnT (A) is a projective T (A)-module.
Moreover, if any Mn is a finitely generated A-module, it is easy to know that (R·)n is also a
finitely generated T (A)-module.
Lemma 2. Let M · = · · · −→ Mn−1 d
n−1
M−→ Mn −→ · · · be a partial tilting complex of A.
Then R· = M · ⊗A T (A) is a partial tilting complex of T (A).
Proof. First, we prove that HomT (A)(R·, R·[n]) = 0 for any n = 0.
According to Iversen[11], the homology in degree n of total complex Hom·(R·, R·) is naturally
isomorphic to HomT (A)(R·, R·[n]), so we only want to check Hn(Hom
·(R·, R·)) = 0 for any n = 0.
According to the definition of total complex and properties of the category of complexes, and
νM · = DHomA(M ·, A) = Homk(HomA(M ·, A), k) ∼= M · ⊗A Homk(A, k) = M · ⊗A DA,
where ν = DHom(−, A) is the Nakayama functor, we have
Hom·T (A)(R
·, R·) = Hom·T (A)(M
· ⊗A T (A), M · ⊗A T (A))
∼= Hom·A(M ·, Hom·T (A)(T (A), M · ⊗A T (A)))
∼= Hom·A(M ·, M · ⊗A T (A))
∼= Hom·A(M ·, M · ⊗A (A ⊕ D(A)))
∼= Hom·A(M ·, M ·) ⊕ Hom·A(M ·, M · ⊗ D(A))
∼= Hom·A(M ·, M ·) ⊕ Hom·A(M ·, νM ·)
∼= Hom·A(M ·, M ·) ⊕ DHom·A(M ·, M ·),
hence for any n = 0,
Hn(Hom·T (A)(R
·, R·)) ∼= Hn(Hom·A(M ·, M ·)) ⊕ Hn(DHom·A(M ·, M ·)).
Because M · is a partial tilting complex, for any n = 0, we have Hn(Hom·A(M ·, M ·)) = 0, implying
that Hn(Hom·T (A)(R
·, R·)) = 0. Therefore for any n = 0, HomT (A)(R·, R·[n]) = 0.
Second, we prove that ⊕i∈IHomT (A)(R·, R·)
nat.∼= HomT (A)(R·,⊕i∈IR·i), where R·i = R· for
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i ∈ I. In fact,
HomT (A)(R·,⊕i∈IR·i) ∼= HomT (A)(M · ⊗A T (A),⊕i∈I(M ·i ⊗A T (A)))
∼= HomT (A)(M · ⊗A T (A), (⊕i∈IM ·i) ⊗A T (A))
∼= Hom·A(M ·, Hom·T (A)(T (A), (⊕i∈IM ·i) ⊗A T (A)))
∼= Hom·A(M ·, (⊕i∈IM ·i) ⊗A T (A))
∼= Hom·A(M ·,⊕i∈IM ·i) ⊕ Hom·A(M ·, (⊕i∈IM ·i) ⊗A DA)
∼= Hom·A(M ·,⊕i∈IM ·i) ⊕ Hom·A(M ·, ν(⊕i∈IM ·i)
∼= Hom·A(M ·,⊕i∈IM ·i) ⊕ DHom·A(⊕i∈IM ·i , M ·))
































∼= ⊕i∈I Hom·A(M ·, M ·i) ⊕ (⊕i∈IDHom·A(M ·i , M ·))
∼= ⊕i∈I (Hom·A(M ·, M ·i) ⊕ DHom·A(M ·i , M ·))
∼= ⊕i∈I (Hom·A(M ·, M ·i) ⊕ Hom·A(M ·, νM ·i))
∼= ⊕i∈I (Hom·A(M ·, M ·i) ⊕ Hom·A(M ·, M ·i ⊗A DA))
∼= ⊕i∈I Hom·A(M ·, M ·i ⊗A T (A))
∼= ⊕i∈I HomT (A)(M · ⊗A T (A), M ·i ⊗A T (A))
∼= ⊕i∈I HomT (A)(R·, R·i).
Lemma 3. Assume that M · ∈ Kb(Proj − A) (or M · ∈ Kb(PA)), EndA(M ·) ∼= B. Set
R· = M · ⊗A T (A). Then EndT (A)(R·) ∼= T (B).
Proof. The proof is similar to that of Theorem 3.1 in ref. [3] or Lemma 3 in ref. [12].
Lemma 4. Assume that M · ∈ Kb(Proj−A), N · ∈ Kb(PA). Set R· = M ·⊗A T (A), T · =






· ⊗A T (A), M · ⊗A T (A))
∼=Hom·A(N ·, Hom·T (A)(T (A), M · ⊗A T (A)))
∼=Hom·A(N ·, M · ⊗A T (A))
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∼=Hom·A(N ·, M ·) ⊕ Hom·A(N ·, M · ⊗A D(A))
∼=Hom·A(N ·, ν(M ·)) (becauceHom·A(N ·, M ·) = 0)
∼=DHom·A(M ·, N ·),
we have Hom·T (A)(T
·, R·)) = 0.
In the same way we can show the second equality.
Lemma 5. Let M ·, N ·, R· and T · be as in Lemma 4. If (M ·)⊥ ∩ (N ·)⊥ = {0},
then (R·)⊥ ∩ (T ·)⊥ = 0.
Proof. For any X · ∈ (R·)⊥∩(T ·)⊥, we have Hom·T (A)(R·, X ·[n]) = 0 and Hom·T (A)(T ·, X ·[n]) =
0, for n ∈ Z. Since
Hom·T (A)(R
·, X ·[n]) = Hom·T (A)(M
· ⊗A T (A), X ·[n])
∼= Hom·A(M ·, Hom·T (A)(T (A), X ·[n]))
∼= Hom·A(M ·, X ·[n]),
we have Hom·A(M
·, X ·[n]) = 0, thus X · ∈ (M ·)⊥.
In the same way, we have X · ∈ (N ·)⊥, so X · = 0. Therefore (R·)⊥ ∩ (T ·)⊥ = 0.
3 Remarks
Quasi-hereditary algebras are stratification algebras; that is, their derived module category
admits recollement. Indeed, quasi-hereditary algebras have the nice property that their derived
module category allows a stratification with subsequent quotients isomorphic to the derived module
category Db(k) of the ground field k. We point out that strafication algebras are not necessarily
quasi-hereditary algebras. In order to understand the examples of algebras whose derived category
admits recollement, but which are not quasi-hereditary algebras, we show first
Theorem 2. Let A, B be a finite-dimensional algebras over an arbitrary base field k, AMB














































is an idempotent element of Λ. Thus ΛA is a projective module. By Theorem
























∼= B , so eΛeeΛ is projective, hence pdeΛe(eΛeeΛ) < ∞.





; thus ΛeeΛe ∼= MB ⊕BB . This implies pd(ΛeeΛe) < ∞.












, so Λ/ΛeΛ ∼= A. By Theorem of ref. [10], we have D′ ∼= Db(A). This
completes the proof of the theorem.










Collorary 2. Let A be a finite-dimensional algebra over an arbitrary base field k, and M











In particular, if the derived module category Db(A) of A allows successively a stratification
with subsequent quotients all of the simple form Db(k), then so is the derived module category
Db(A[M ]) of A[M ].
The following examples show that stratification algebras are not necessarily quasi-hereditary
algebras.




a 0 0 e
0 b 0 0
0 d c 0
0 0 0 c
⎞
⎟⎟⎟⎟⎠
∈ M4 (k)|a, b, c, d , e ∈ k}.
Then Λ ∼= k Q/I , where the quiver Q and the relation I are given by
Q = 1 α−→ 2 β−→ 3 and I = 〈αβ〉.




















and pdMB < ∞. So by Theorem 2, Db(Λ) is stratifiable with the quotients Db(A) and Db(B).
Example 2. Let A be a finite-dimensional algebra over arbitrary base field k, and gldA =









⇀↽ Db(A); that is,
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Db(Λ) is stratifiable with the quotients Db(A) and Db(A). But Λ is not a quasi-hereditary algebra
for any given order.
In ref. [12] Du introduced a class of extension algebras that generalize the trivial extension
algebra of A more extensively. This class of the extension algebras will be denoted by RmA . That







λ1 x1 0 · · · 0 0
0 λ2 x2 · · · 0 0
0 0 λ3 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · λm xm
0 0 0 · · · 0 λ1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠





Clearly, R1A = T (A) is a trivial extension algebra of A, and R
m
A = Â/〈νm〉, where Â is the
repetitive algebra of A and ν is the Nakayama automorphism of Â. Similar to the proof of the
main theorem, we have
Theorem 3. Let A be a finite-dimensional algbra, if the unbounded derived module
category D−(Mod − A) admits symmetric recollement relative to the unbounded derived module
categories of two finite-dimensional algebras B and C:
D−(Mod − B) ↼⇀↽ D−(Mod − A) ↼⇀↽ D−(Mod − C),
then the unbounded derived category D−(Mod − RmA ) admits symmetric recollement relative to
the unbounded derived module categories of RmB and R
m
C :
D−(Mod − RmB )
↼
⇀↽ D−(Mod − RmA )
↼
⇀↽ D−(Mod − RmC ).
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